( 1 ) U ( n ) = 1 -1 + 1 -¿ + ¿ -±-+ JL _ JL + ...
and (2) L-W = 1-¿-¿ + 7^ + ¿-ll-»-¿ + ¿+----
These, and some closely related series, arise in several number-theoretic investigations, including the distribution of primes into arithmetic progressions, the class number of binary quadratic forms, and the distribution of Legendre and Jacobi symbols. Our own immediate interest in them stems from their utility in the calcution of certain other number-theoretic constants. These latter include the ha of references [1] and [2] , the Si of reference [3] , the constant 0.48762 of reference [4] , and the constant \C of reference [5] . The last of these illustrates our point, for when it was first presented by Bateman and Stemmler [6] , it was given as 0.76; subsequently, in [5] , the improved value 0.761 was presented; but with the aid of a short It may be argued that such precision as in (3) is not needed in these investigations. While that is irrelevant for our present paper, it is not inappropriate to mention briefly some counterarguments. Consider, for example, P2(N), the number of primes of the form n 4-2 for 1 ^ n ^ N. The Hardy-Littlewood conjecture [1] claims that (4) P2(N) ~ 0.35653155 li(AT),
where li(iV) is the logarithmic integral. While an examination of the evidence makes it almost certain that P2(N) is of the order of li(iV), the heuristic argument in favor of (4) is not that convincing that one would be greatly astonished if the true coefficient were found to differ slightly from that conjectured. but it is clear that this very slight excess of the first type could not have been found unless the pertinent constants were available to at least 5 or 6 decimals.
Let n be an odd integer, a an arbitrary integer, and (a/n) the Jacobi symbol. That is, if n is a product of odd primes, n = Up,, then (a/n) = U(a/pi), where (a/Pi) is the Legendre symbol. If a is not prime to n, (a/n) -0. Now, for every a, we define [1, p. 323] ,o
The values of ( -a/n ) are periodic in n and always either 4-1, -1, or 0. As examples we list the complete periods of these coefficients of n~s (odd n) for twelve of our series.
Li ( 
The reader may easily verify that L±4(s) = L±i(s), and that ¿±8(s) = L±2 ( While Z/0(s) is an analytic function of the complex variable s that may be extended to the entire complex plane, our interest in it here will be confined to integral values of s. Now Li(s) and L_i(s) have been tabulated and are well-known under the more common names: Li(s) = L(s) and L_i(s) = (1 -2~s)f(s). They need no further treatment here. Some of the other La(s) have also been (partially) investigated long ago. Thus [7] , [8] Glaisher's hn is our L3(n), his qn is our L_2(n), his pn is our L2(n), and his tn is our L_3(n). But this unsystematic notation of Glaisher is inadequate here, since we have defined La(s) for infinitely many a. Further, it is clearly desirable for the notation to simply and unequivocally define the series in question. This is accomplished by the notation La(s), as we have seen. (We may similarly criticize, at least for some purposes, the common notation L(s, x). Unless X, the particular character in question is fully defined, this notation is certainly ambiguous. ) Here again, these individualized formulas and generating functions do not suffice for our more general needs. We give below a brief presentation of the general theory of those La(s) that may be expressed in closed form when s is an integer. This is a generalization and adaptation of the presentation given by Landau [9] for the evaluation of his K(d).
As it develops, our treatment is somewhat simpler than Glaisher's, even for those examples that he did give. Thus [7, while we obtain the two-term formula:
This relative simplicity stems from our use of Cs(x), since, as we shall see, the series for this function, unlike those for the A2"(x) and 62r(x) above, involves only the powers of the successive odd integers.
In Sections 2 and 3 we give three tables of closed-form expressions for all the La(s) that may be so expressed, with a range in s from 1 to 10, and for values of a = ±2, ±3, ±5, ±6, ±7, ±10, ±11, ±13, ±14, and ±15. In Section 4 we present the theory of La(s) for integral values of s < 1.
In Section 5 we shall discuss computational techniques for evaluating those La(s) not obtainable in closed form, as, for example, L3(2wz). In that section we give twelve tables of La(s) to 30D. Here s = 1(1) 10, and a = ±1, ±2, ±3, ±6, L^(s):
+0-+0-+0-+0-.
It follows that the reader may readily compute the following arithmetical-progression Dirichlet series by simple linear combinations:
Similarly, one may obtain h (i2fc + by h (24fc + by for 6 prime to 12 or 24, respectively, since, by weighting the character series by the coefficient that appears in the cth column in the foregoing arrays, one obtains, as the sum, 4, or 8, times the corresponding arithmetical-progression series for b = 2c -1.
It was, of course, just such linear combinations, and their utility for his investigation of primes in arithmetical progressions, that led Dirichlet to invent these series.
As for For our La(s) we are only interested in the Jacobi symbol, that is, in such formulas for odd n. But for odd n we have two simplifications. We will give presently tables of such Ca,n and Da,n up to n = 4 and 5, respectively.
To generalize the results of (19), we proceed as follows. Let a = N2b, where 6 is not divisible by a square > 1. Henceforth, the letter b here refers to such a number. Then it is readily seen that (27) Z*(s) = -|= E (^Wfc/-46).
Using these and (20) and (22), we thus compute Tables 1 and 2. 3. Another Class of Closed Forms. There is another class of closed form evaluations, L-b(l) for 6 > 0. This is well known. We use the Fourier series (28) Ci(x) = | log cot 7rx, and from (25) and (27) we thus obtain for 6 > 0, 6=1 (mod 4) 
' 180
For large values of 6 these formulas are not well adapted for easy and accurate computation. To supplement them, we now could follow the K(d) theory in Landau [9] , but the earlier pre-Kronecker theory of Gauss and Dirichlet is more direct for our purpose. (We register, in this connection, an objection to the frequent remark that Gauss was not wise in his choice of log (T + UVb)
Then compute ■£/_*( 1) accurately by (32). In Table 3 , equation (32) is written as log (t + uVb)
U(l) =
Vb
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use From these data the entries in Tables 12 and 13 were derived by use of the relation L±,(s) = (1 ± 3-3)L±1(s), which we have already noted.
Formulas (22) in conjunction with the appropriate coefficients presented in Tables 1 and 2 were used to evaluate La(2n + 1) and L-a(2n) to at least 35D when a = 2, 3, and 6. The requisite decimal approximations to powers of tt were obtained from a manuscript table [18] of the second author.
Numerical values of L_o(l) were computed from equation (35) in conjunction with the corresponding entries in Table 3 .
Evaluation of La(2n) and i_a(2n + 1) was accomplished numerically by means of the following relations: The right member of equation (48) These check relations were satisfied to within a unit in the thirty-third decimal place when the corresponding data on the work sheets were successively substituted therein.
